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1 Introduction
The Schauder Fixed-Point Theorem is one of the most celebrated results in Fixed-Point
Theory and it states that any compact convex nonempty subset of a normed space has the
ﬁxed-point property (Schauder, ; Theorem .. in []). It is also valid in locally con-
vex spaces (Tychonoﬀ, ; Theorem .. in []). Recently, this Schauder ﬁxed-point
theorem has been generalized to semilinear spaces [].
As explained in detail in many works in the ﬁeld of fuzzy diﬀerential equations, un-
certainty has to be considered in the formulation of a mathematical model for a better
adequacy, due to the imprecision inherent to the information available or the behavior
of the dynamical system itself (see, for instance, []). For this reason, the construction of
models which try to be faithful to a certain real process involves, in many occasions, the
consideration of fuzzy diﬀerential equations.
On the other hand, the subject of fractional calculus is not a recent topic, since many
interesting questions concerning its main concepts and properties have been discussed
since the end of the seventeenth century, with the contribution of mathematicians such
as Leibnitz, Euler, Laplace, Lacroix, Fourier, Liouville or Riemann, among others (for de-
tails, see the introduction of [] and other monographs on fractional calculus [, ]). The
main references on fractional calculus also point out the power and usefulness of this
topic to the modeling of phenomena in a wide range of scientiﬁc ﬁelds. The complexity
of some processes in the physical world can be reproduced more faithfully with the help
of fractional order models better than using classical integer order models, for instance,
in electromagnetism, astrophysics, diﬀusion, material theory, chemistry, control theory,
wave propagation, signal theory, electricity and thermodynamics []. Some theoretical
aspects on the existence and uniqueness results for fractional diﬀerential equations have
been considered by some authors [–].
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Agarwal et al. have proposed the concept of the solution of fuzzy fractional diﬀerential
equations in []. Arshad and Lupulescu [] have deduced some existence and unique-
ness results for fuzzy fractional diﬀerential equations under Riemann-Liouville derivative.
Allahviranloo et al. have presented the explicit solutions of fuzzy fractional diﬀerential
equations and some related results in [, ]. Some existence and uniqueness results for
fuzzy fractional integral equations and fuzzy fractional integro-diﬀerential equations have
been proposed in [, ].
In this paper, we consider nonlinear fuzzy fractional diﬀerential equations of the form
Dqu = f (t,u),
where  < q <  and Dq is the Riemann-Liouville fractional derivative and u(t) is a fuzzy
real number for each t ∈ (,a], a > . We present some conditions to obtain a solution.
The paper is organized as follows. In Section , we recall the deﬁnitions of fuzzy frac-
tional integral and derivative and related properties used in the paper. In Section , we
present suﬃcient conditions to have at least a solution.
2 Preliminaries
In this section, we give some deﬁnitions and introduce the necessary notation which will
be used throughout the paper, see for example [].
Let us denote byRF the class of fuzzy subsets of the real axis, that is, maps u :R→ [, ]
satisfying the following properties:
(i) u is normal, i.e., there exists s ∈R such that u(s) = ,
(ii) u is a convex fuzzy set (i.e. u(ts + ( – t)r)≥ min{u(s),u(r)}, ∀t ∈ [, ], s, r ∈R),
(iii) u is upper semicontinuous on R,
(iv) cl{s ∈R | u(s) > } is compact where cl denotes the closure of a subset.
ThenRF is called the space of fuzzy numbers. For  < α ≤  denote [u]α = {s ∈R | u(s)≥ α}
and [u] = cl{s ∈ R | u(s) > }. Then from (i)-(iv), it follows that the α-level set [u]α is a





denotes explicitly the α-level set of u. We refer to u and u as the lower and upper branches
of u, respectively.
For u, v ∈ RF and λ ∈ R, the sum u + v and the product λu are deﬁned by [u + v]α =
[u]α + [v]α , [λu]α = λ[u]α , ∀α ∈ [, ] where [u]α + [v]α means the usual addition of two
intervals (subsets) of R and λ[u]α means the usual product between a scalar and a subset
of R. This is a consequence of Zadeh’s Extension Principle [].
The metric structure is given by the Hausdorﬀ distance
D :RF ×RF →R+ ∪ {},
by









{∣∣uα – vα∣∣, ∣∣uα – vα∣∣}.
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The following properties are well known:
D(u +w, v +w) =D(u, v), ∀u, v,w ∈RF ,
D(ku,kv) = |k|D(u, v), ∀k ∈R,u, v ∈RF ,
D(λu,μu) = |λ –μ|D(u, ˜), ∀λ,μ ≥ ,u ∈RF ,
D(u + v,w + e)≤D(u,w) +D(v, e), ∀u, v,w, e ∈RF ,
and (RF ,D) is a complete metric space.
The concept of a semi-linear space and similar concepts were already considered, for
instance, in []. A semilinearmetric space is a semilinear space Swith ametric d : S×S →
R+ which is translation invariant and positively homogeneous, that is,
• d(a + c,b + c) = d(a,b),
• d(λa,λb) = λd(a,b), for all λ ≥ ,
for all a,b, c ∈ S and λ ≥ . In this case, we can deﬁne a norm on S by ‖x‖ = d(x, ˜), where
˜ is the zero element in S. If S is a semilinear metric space, then addition and scalar mul-
tiplication on S are continuous. If S is a complete metric space, then we say that S is a
semilinear Banach space. For example, the set of fuzzy real numbers is not a vector space
and hence it cannot be Banach space. The set of continuous functions from the real com-
pact interval [, ] into the set of fuzzy real numbers is a semilinear Banach space. We say
semilinear space S has cancellation property if a + b = c + b implies a = c for a,b, c ∈ S.
Let a > .We denote by C((,a],RF ) the space of all continuous fuzzy functions deﬁned







u ∈ C((,a],RF);ur ∈ C([,a],RF)},
where ur(t) = tru(t), t ∈ (,a]. Obviously, Cr([,a],RF ) is a complete metric space with
respect to the metric











We denote hr(u, ˜) by ‖u‖r , which is not a norm in the classical sense, since Cr([,a],RF )
is not a vector space. We point out that C([,a],RF ) = C([,a],RF ). We deﬁne RcF as the
space of fuzzy sets u ∈RF with the property that the function α 	→ [u]α is continuous with
respect to the Hausdorﬀmetric on [, ]. It is well known that (RcF ,D) is a complete metric
space []. If the functions take values in RcF , we get the sets Cr([, ],RcF ), r ≥ .
Deﬁnition . ([]) A subset A ⊆ RcF is said to be compact-supported if there exists a
compact set K ⊆R such that [y] ⊆ K for all y ∈ A.
Deﬁnition . ([]) A subset A ⊆ RcF is said to be level-equicontinuous at α ∈ [, ] if
for all ε > , there exists δ >  such that




< ε, for all y ∈ A.
A is level-equicontinuous on [, ] if A is level-equicontinuous at α for all α ∈ [, ].
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Theorem . ([]) Let A be a compact-supported subset of RcF . Then the following asser-
tions are equivalent:
• A is a relatively compact subset of (RcF ,D),
• A is level-equicontinuous on [, ].
In fact, if A is relatively compact in (RcF ,D), then A is compact-supported and also
level-equicontinuous on [, ]. Conversely, if A is compact-supported in RcF and level-
equicontinuous on [, ], then A is relatively compact in (RcF ,D).
Deﬁnition . ([]) A continuous function f : [;a]×RcF →RcF is said to be compact if
for every subinterval I ⊆ [,a] and every bounded subsetA⊆RcF , then f (I×A) is relatively
compact in RcF .
Let Pk(R) denote the family of all nonempty compact convex subsets of R. Pk(R) is en-
dowed with the topology generated by the Hausdorﬀ metric dH .
Deﬁnition . A mapping F : I → RF is strongly measurable if, for all α ∈ [, ], the set-




]α , t ∈ I,
is Lebesgue measurable.
Deﬁnition . Let F : I → RF . The integral of F over I , denoted by
∫
I F(t)dt, is deﬁned












∣∣∣ f : I →R is a measurable selection for Fα
}
for all  < α ≤ .
A function F : I →RF is called integrably bounded if there exists an integrable function
h : I → R+ such that D(F(t), ˜) ≤ h(t), for all t ∈ I . A strongly measurable and integrably
bounded mapping F : I →RF is said to be integrable over I if
∫
I F(t)dt ∈RF .
Corollary . If F : I →RF is continuous, then it is integrable.
We denote by L(I,RF ) the space of Lebesgue integrable functions from I to RF .










I λF = λ
∫
I F ,








Theorem . ([], Schauder Fixed-Point Theorem for Semilinear Spaces) Let B be a
nonempty, closed, bounded and convex subset of a semilinear Banach space S having the
cancellation property and suppose P : B → B is a compact operator. Then P has at least
one ﬁxed point in B.
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Deﬁnition . Let u ∈ C((,a],RF )∩L((,a],RF ). The fuzzy fractional integral of order





(t – s)q–u(s)ds, t ∈ (,a),
provided the integral in the right-hand side is deﬁned for a.e. t ∈ (,a). For q =  we obtain
Iu(t) =
∫ t
 u(s)ds; that is, the classical integral operator.
Remark . ([]) Let q ∈ (, ). If u ∈ Cr([,a],RF ) with r < q, then Iqu ∈ C((,a],RF )
and Iqu(+) = ˜. If u ∈ Cq([,a],RF ), then Iqu is bounded at t = , whereas if u ∈
Cr([,a],RF ) with q < r < , then we may expect Iqu to be unbounded at t = . This is
similar to the crisp case [].
Proposition . ([]) If u ∈ C((,a],RF )∩ L((,a],RF ) and p,q > , then
IpIqu = Ip+qu.
Example . ([]) Let u : [,a] → RF be a constant fuzzy function, u(t) = c ∈ RF , for
t ∈ [,a]. Then
Iqu(t) = 
(q + ) t
qc.
Example . ([]) Let u : (,a] → RF be a fuzzy function given by u(t) = ctr , where
c ∈RF and r > –. Then
Iqu(t) = (r + )
(r + q + )ct
q+r .
Deﬁnition . ([]) Let u ∈ C((,a],RF )∩ L((,a],RF ) and q ∈ (, ). If the fuzzy func-
tion t 	→ ∫ t (t – s)–qu(s)ds is Hukuhara diﬀerentiable on (,a], then we deﬁne the fuzzy








which deﬁnes a fuzzy number Dqu(t) ∈RF .
Remark . Obviously Dqu(t) = ddt I–qu(t) for t ∈ (,a]. Also we have
Dq(cu)(t) = cDq(u)(t), ∀c ∈RF ,
and
Dq(u + v)(t) =Dq(u)(t) +Dq(v)(t).
Proposition . ([]) If u ∈ C((,a],RF )∩ L((,a],RF ) and  < q < , then
DqIqu = u.
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Example . ([]) Let u : (,a] → RF be a constant fuzzy function, u(t) = c ∈ RF for
t ∈ (,a]. Then
Dqu(t) = t
–q
( – q) c.
Example . ([]) Let u : (,a] → RF be a fuzzy function given by u(t) = ctr where c ∈
RF and r > –, r = q – . Then
Dqu(t) = (r + )
(r – q + )ct
r–q.
We note that Dqctq– = ˜.
According to Deﬁnition . and Example ., we obtain the following lemma.
Lemma . Let u ∈ C((,a],RF ) ∩ L((,a],RF ) and  < q < . Then the solutions of the
fuzzy fractional diﬀerential equation
Dqu = 
are u(t) = ctq–, c ∈RF .
3 Fuzzy fractional differential equations
Consider the fuzzy fractional diﬀerential equation
Dqu = f (t,u), ()
where  < q <  and f : [,a]×RF →RF is a continuous fuzzy function on (,a]×RF .
Deﬁnition . A fuzzy function u ∈ C((,a],RF ) ∩ L((,a],RF ) with continuous frac-






, for all t ∈ (,a].
Remark . We may apply the results in Section  to consider a fuzzy integral equation






and f (t,u(t)) ∈ C((,a],RF )∩ L((,a),RF ), then u is also a solution to Eq. ().
Lemma . If u : [,a]→RF is continuous, then u is bounded.
Proof If u is continuous, the function uα : [, ] → R and uα : [, ] → R are continuous
functions on [, ], and bounded. Then D(u, ˜)≤ max{|uα|, |uα|} is bounded. 
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In the sequel, if u ∈ C([, ],RcF ) and  ≤ r < q < , we deﬁne the operator A :











Lemma . The operator A is well-deﬁned and continuous on C([, ],RcF ).
Proof First we show that A is well deﬁned, i.e., for ﬁxed u ∈ C([, ],RcF ), we check that
Au ∈ C([, ],RcF ). In fact we prove that Au is uniformly continuous on [, ]. Let t, t ∈

















































































∣∣(t – s)q–s–r – (t – s)q–s–r∣∣ds +
∫ t
t






(t – s)q–s–r ds –
∫ t

(t – s)q–s–r ds +
∫ t
t






(t – s)q–s–r ds –
∫ t

(t – s)q–s–r ds + 
∫ t
t















(t – s)q–s–r ds
]
.
Therefore D(Au(t),Au(t))→  when |t – t| → .
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Next, we prove continuity of A. Let vn → v as n→ ∞ in C([, ],RcF ), i.e., h(vn, v)→ 

































(t – s)q–s–r ds
= h(vn, v) sup
t∈[,]
(–r + )
(–r + q + ) t
q–r
= (–r + )
(–r + q + )h(vn, v).
Therefore Avn →Av as n→ ∞ in C([, ],RcF ). 
Remark. IfG⊆ C([, ],RcF ) is bounded, thenA(G) is bounded inC([, ],RcF ). Indeed,







) ( – r)
( – r + q) t
q–r ≤ ( – r)






Lemma . If G⊆ C([, ],RcF ) is bounded, then A(G) is equicontinuous in C([, ],RcF ).
Proof Let h(u, ˜) ≤ M, for all u ∈ G and t, t ∈ [, ], t < t. Then from the ﬁrst part of















(t – s)q–s–r ds
]
,
which tends to  as |t – t| →  uniformly in u ∈ G. Hence A(G) is equicontinuous in
C([, ],RcF ). 
Remark . If G ⊆ C([, ],RcF ) is such that {v(s) | v ∈G, s ∈ [, ]} is compact-supported
in RcF , then G is bounded. Indeed, there exists a compact set K in R such that {[v(s)] | v ∈
G, s ∈ [, ]} ⊆ K . On the other hand, for v ∈G,


































Then G⊆ C([, ],RcF ) is bounded.
Lemma . If G⊆ C([, ],RcF ) is such that
{
v(s) | v ∈G, s ∈ [, ]},




Proof By the Arzelà-Ascoli Theorem, we show that A(G) is an equicontinuous subset of
C([, ],RcF ) andA(G)(t) is relatively compact inRcF for each t ∈ [, ]. Since by Remark .,
G is bounded, using Lemma ., it is suﬃcient to show A(G)(t) is relatively compact for
each t ∈ [, ] inRcF . By Theorem ., it is equivalent to showing thatA(G)(t) is a compact-
supported subset of RcF and level-equicontinuous on [, ] for each t ∈ [, ]. Since {v(s) |
v ∈G, s ∈ [, ]} is compact-supported, there exists a compact setK ⊆R such that [v(s)] ⊆




















(t – s)q–s–r ds
⊆ (–r + )
(–r + q + )K .
Then A(G)(t) is compact-supported for each t ∈ [, ].
Now, to prove level-equicontinuity, take ﬁxed t ∈ [, ] and ε > . If w ∈ A(G)(t), then





















Since {v(s) | v ∈ G, s ∈ [, ]} is level-equicontinuous, then for given ε (–r+q+)(–r+) > , there




]α , [v(s)]β) < ε(–r + q + )(–r + ) , v ∈G, s ∈ [, ].






)≤ ε(–r + q + )(–r + )
(–r + )
(–r + q + ) t
q–r ≤ ε t
q–r < ε.
Then A(G)(t) is level-equicontinuous in RcF on [, ] for every t ∈ [, ]. 
In the following, we consider
N : → C([,a],RcF),




u ∈ C([,a],RcF) | h(u, ˜)≤ R}.
The operator N is well-deﬁned if (t,u) → trf (t,u) is a continuous function in [,a]×RcF
with values in RcF .
We deﬁne fr as fr(t,u) = trf (t,u), t ∈ [,a]. Now, let S = {x ∈ RcF | D(x, ˜) ≤ R}. Then we
have the following result.
Lemma . Suppose that fr : [,a] × RcF → RcF is uniformly continuous and bounded in
[,a]× S. Then the operatorN is continuous and bounded in C([,a],RcF ).
Proof Let the sequence un → u, as n → ∞ in C([,a],RcF ) where un,u ∈ . Then for a
given ε >  by the uniform continuity of fr in [,a] × S, there exists δ >  such that for





= |t – s| +D(x, y) < δ implies D(trf (t,x), srf (s, y)) < ε.
Now, given δ > , since un → u as n→ ∞, there exists n ∈N such that, for n≥ n, we have
h(un,u) < δ, i.e., supt∈[,a]D(un(t),u(t)) < δ. Then H((t,un(t)), (t,u(t))) = D(un(t),u(t)) < δ,


















This proves thatNun →Nu inC([,a],RcF ). On the other hand, if B is bounded in, then
h(u, ˜) ≤ M, ∀u ∈ B, i.e., supt∈[,a]D(u(t), ˜) ≤ M. Then h(Nu, ˜) = supt∈[,a]D(Nu(t),
˜) = supt∈[,a]D(fr(t,u(t)), ˜), ∀u ∈ B. Since fr is bounded in [,a] × S, then there exists a
K >  such that h(Nu, ˜)≤ K , ∀u ∈ B. ThenN (B) is bounded. 
Lemma. If {fr(s,x) | (s,x) ∈ [,a]×S} is compact-supported and level-equicontinuous,
then
{
u(s) | u ∈N(), s ∈ [,a]}
is relatively compact.







) | u ∈ , s ∈ [,a]} = {(Nu)(s) | u ∈ , s ∈ [,a]}
=
{
u(s) | u ∈N (), s ∈ [,a]}
is compact-supported and level-equicontinuous, it is relatively compact. 
Lemma . Let fr(t,x) be a continuous mapping on [,a] × S. Then it is compact on
[, ] × S if and only if the set {trf (t,x) | t ∈ [,a],x ∈ S} is compact-supported and level-
equicontinuous.
Proof First, let fr(t,x) be continuous and compact on [,a] × S. Then by Theorem .,
{fr(t,x) | t ∈ [,a],x ∈ S} is compact-supported and level-equicontinuous.
Now let {fr(t,x) | t ∈ [,a],x ∈ S} is compact-supported and level-equicontinuous. Again
by Theorem ., it is relatively compact. Hence fr is compact on [,a] × S. Since for any
bounded set B⊆ [,a]× S, the set {fr(t,x) | (t,x) ∈ B} is relatively compact. 
Deﬁnition . T : C([, ],RF ) → C([, ],RF ) is a bounded operator if for every
bounded B in C([, ],RF ), T (B) is bounded in C([, ],RF ).
In the following, we present a local existence theorem for the fuzzy fractional diﬀerential
equation (). For simplicity, in the rest of the paper, we shall often limit arguments to the
choice a = .
Theorem . Let  ≤ r < q <  and let f : (, ] × RcF → RcF be a given continuous fuzzy
function in (, ] × RcF . If fr : [, ] × RcF → RcF is compact and uniformly continuous on
[, ]×RcF , then the fuzzy integral equation has at least one continuous solution deﬁned on
[, δ], for a suitable  < δ ≤ .














u ∈ C([, ],RcF) | h(u, ˜)≤ R}.
It is easy to see that  is a closed, bounded and convex subset of the semilinear Banach
space C([, ],RcF ). On the set , we deﬁne the operator T : → C([, ],RcF ) by









We claim that the operator T is continuous and compact. Indeed, the operator is the
composition of two continuous and bounded operators T =A ◦N , where
Nu(t) = trf (t,u(t)), t ∈ [, ],







(t – s)q–s–rv(s)ds, v ∈ C([, ],RcF).
The operator T is well deﬁned since it is the composition of A and N . Since fr is con-
tinuous and compact, by Lemma ., {fr(t,u) | t ∈ [, ],u ∈ S} is compact-supported
and level-equicontinuous. Then by Lemma ., {v(s) | v ∈ N(), s ∈ [, ]} is compact-
supported and level-equicontinuous. Therefore, by Lemma ., A(N ()) is relatively
compact in C([, ],RcF ). Then operator T is compact on .











(t – s)q–s–r ds
≤ ( – r)




where we may assume ε >  to be as small as we want by shrinking δ > . Now, ﬁx Bρ as
a domain of the operator T , where Bρ = {v ∈ C([, δ],RcF ) : ‖v‖ ≤ ρ}, which is a convex,
bounded, and closed subset of the complete metric space C([, δ],RcF ).
For δ >  suﬃciently small, we have
T (Bρ)⊆ Bρ .
Theorem . ensures that operator T has at least one ﬁxed point. In consequence, Eq. ()
has at least one continuous solution u deﬁned on [, δ], where δ >  and δ ≤ . 
Corollary . Under the conditions of Theorem . and assuming that f (·, v(·)) ∈
L((, ),RcF ), for every v ∈ C([, ],RcF ), then the fuzzy fractional diﬀerential equation ()
has at least a continuous solution deﬁned on [, δ], for a suitable  < δ ≤ .






using that f : (, δ] × RcF −→ RcF is continuous and f (·, v(·)) ∈ L((, δ),RcF ), for every v ∈
C([, δ],RcF ), then it is clear that f (t,u(t)) ∈ C((, δ],RF )∩ L((, δ),RF ) and u is a solution
to Eq. () in [, δ]. 
Remark . If f is Lipchitz continuous in the second variable u, then in Theorem .,
one has uniqueness of the solution by using the classical Banach contraction ﬁxed-point
theorem. Note that Lipchitz continuity implies uniform continuity.
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Theorem. Let f : (, ]×RF −→RF be a given continuous fuzzy function in (, ]×RF .
If f is a Lipschitz continuous function in the second variable on [, ]×RF , that is,
D
(
f (t,u), f (t, v)
)≤ KD(u, v), t ∈ [, ],u, v ∈RF ,
then the fuzzy fractional integral equation u(t) = Iqf (t,u(t)) has a unique solution deﬁned
on [, δ], for a suitable  < δ ≤ .
Proof Similar to proof of Theorem ., we deﬁne T =A ◦N . Then T is Lipschitz con-
tinuous and for δ >  small, T is a contraction map. 
Corollary . Under the conditions of Theorem . and assuming that f (·, v(·)) ∈
L((, ),RF ), for every v ∈ C([, ],RF ), the fuzzy fractional diﬀerential equation () has
at least a continuous solution deﬁned on [, δ], for a suitable  < δ ≤ .
Remark . As indicated in results of [], we cannot expect uniqueness for such solu-
tions in general. Consider the equation
Dqu = ur ,












with μ =  + q–r as we see from Example .. It is easy to check that u(t) = [,k] · t
q
–r is
also a solution to this problem.
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